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MEASUREMENT OF THE CoFUlpLM SHEAR l4lDLiLUS 
OF A LINEARLY VIS€DELASTIC MATERIAL 

Abstract 

A detailed description is presented of an experimental system intended t o  measure 
the complex shar modulus of homgeneous, isotropic and l inearly viscoelastic 
materials. The test is based on the torsional oscillations of a circular cylin- 
dr ical  sample of finite length, The test and data reduction procedures are des- 
cribed. A Fortran l i s t i ng  of the data reduction computer program is included in 
the Appendix, Actual measurements are presented on a sanple of f i l l e d  polyvinyl- 
chloride, Master awes of the skar storage mdulus and shear loss tangent are 
plotted by miking use of the time-temperature shift ing principle. 
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Introduction 

an experimental system intended t o  measure the complex shear modulus of homo- 
geneous, isotropic and linearly viscoelastic materials. We need not be concerned 
here with the reasons for  measuring this particular quantity rather than some 
other property. This and other such fundamental questions have been discussed 
a t  length elsewkre, Suffice t o  say that a homogeneous, isotropic and l inearly 
viscoelastic material can be par t ia l ly  characterized by the complex shear modulus 
and this, alone, makes its measurement desirable, The question of completely 
characterizing the materials of interest is  a mch  more d i f f icu l t  problem and 
remains a subject of active interest. Furthermore it is not our purpose herein 
t o  sunmarize the many tnethods proposed for  measurement of the dynamic mechanical 
properties of l inearly viscoelastic materials, Instead, reference is m a d e  t o  
the following excellent surveys: Ferry, Sawyer and Ashmrth (l), Nolle (2), 
Marvin (3), Abolafia (4) and Ferry (S), In the following we shall t r y  to point 
out the reasons tha t  still another m t b d  is required in addition t o  those al- 
ready proposed, 

The purpose of tk present report is t o  present a detailed description of 

In any experiment tk! ent i re  system may be regarded as consisting of three 
sub -s ys tems : 

io 

ii, 

iii, 

the input system which provides and applies the stimulus t o  the 
object under test (the power and control system); 
the object t o  be tested (the specimen) and the structure o r  
container intended to  hold o r  contain the specimen i n  an appropriate 
att i tude (the apparatus); and, 
the output system which provides the means for  measurinp and mon- 
i toring the response of the specimen t o  the applied stimulus 
(the data acquisition system) ., 

O f  these three sub-systems it should be obvious tha t  the second is the most 
important since it embodies the fundamental idea or  concept of the experimntal 

o r  fa i lure  of the ent i re  experimental system depends upon the fundamental idea 
relat ing t o  the manner of accomplishing the experimental task, No matter how 
elaborate, expensive and accurate the input and output sub-systems may be, the 

I 
l 

task, I t  i s  here that basic creativity enters the experimental system, The success 

I 
I 

I 
I ent i re  experiment is doomed t o  failure unless the fundamental concept is soundo 
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Stated in very general terns, every experiment intended t o  measure material 
properties consists in  two dis t inct  parts, We must have avialable both experimental 
and analytical solutions of the response of the specimen under the pre-selected 
stimulus, The analytical solution is formulated in terns of undetermined constants 
or functions of known variables, referred t o  as material properties, which are 
t o  be detennined by comparison with the  experimental solution; i.e., the undeter- 
mined material properties are evaluated such that the analytical and experimental 
solutions agree accurately in a numerical sense. We see, therefore, that errors  
in the measuremnt of material properties w i l l  result not only from inaccuracies 
i n  the power and control and data acquisition systems but also f r o m  inadequacies 
in the analytical description of the stress and/or displacement fields i n  the 
specimen, I t  i s  obvious that  a l l  such errors and inaccuracies w i l l  be reflected 
as uncertainties in the  values of the material properties, Thus, a candidate 
test nust be such that both experimental and analytical solutions can bt? per- 
formed with the greatest possible accuracy,, 

Since w art! herein concerned with the measurement of the complex shear 
mdulus of bmgeneous, isotropic and linearly viscoelastic materials, E n u s t  
devise a test on a specimen for  d i c h t h e  geometry, boundary conditions and stress 
and displacement fields are not only realizable in the laboratory but are also 
subject t o  exact analysis within the framewrk of the l inear  theory of visa- 
e la s t i c i ty  . 
order t o  completely characterize a linearly viscoelastic material two material 
property functions are required, I t  is obvious that two  experiments are required, 
as a minimum, t o  measure these properties, These experiments may both involve the 
tw properties; one may involve both and the other only a single property function; 
o r  both may involve only a single property, Clearly, the latter possibi l i ty  is 
the most desirable. 

An additional desirable quali ty of a candidate test should be mentioned, In 

Many of the candidate experimnts previously suggested have suffered due 
t o  the lack of a specimen with geometry simple enough as t o  be amenable to  both 
exact analysis and accurate experimental measurement. Exact analysis is more 
easi ly  accomplished on a specimn in which one dimnsion is  ei ther  very large or 
very small relative t o  the other dimensions. For example, a very thin plate  can 
be accurately analyzed through the use o f  a plane stress assumption or the theory 
of plates depending upon the nature of the stimulus, Similarly, a very long 
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cylinder problem can be accurately solved through the assumption of plane strain. 
However, successful modeling of these very long or  very thin specimens i n  the 
laboratory is very difficult,, Thus, a specimen is desirable i n  which a l l  dhensions 
are f in i te ,  Berry (6) has presented the exact solution (within the framework of 
linear viscoelasticity) for  the steady-state , forced, torsional oscillations of a 
right-circular cylinder of finite length with no limitations on the length-to 
diameter ratio,  In his solution one end of the cylinder is fixed while the other 
end osci l la tes  sinusoidally in its own plane about the center of symmetry with 
a known, small angular amplitude and a known frequency, The amplitude of the 
applied moment a t  the free end and of the resultant moment a t  the fixed end and 
the phase angle between these moments -re calculated, I t  was suggested tha t  i f  
these quantities could be measured experimentally for  a sequence of frequency 
values, a simple mthod would be wailable for  determining the complex shear 
modulus over the frequency range used, This  experiment possesses a l l  of the 
requisites mentioned above including the fact that  only the complex shear modulus 
is involved, However, measurement of the amplitude of the torsional moment turns 
out to  be a very d i f f icu l t  experimental task so that w h i l e  a very sound analytical 
solution is available, the experimental problem is very diff icul t ,  at best. 

that described herein, which is a modification of tha t  suggested by Berry, The 
specimen is the same as  BerryOs but it is secured t o  a torsionally-compliant, elastic 
member which is, i n  turn, secured t o  the relatively r igid frame, Rather than meas- 
uring the torsional moment a t  both ends, the angular acceleration a t  both ends are 
measured together with the relative phase angle, Some accuracy is sacrificed i n  
this case because the elastic element is modeled as a single degree of freedom 
spring-mass systemo Thus, i n  order t o  obtain an experimentally-feasible test, a 
canpranise was required i n  that a somewhat more complicated analysis was necessaq 
i n  which some accuracy was sacrificed, Another version of t h i s  experiment has been 
devised and w i l l  be described herein, In the following section the three sub- 
systems w i l l  be described i n  detail; the tes t  and data reduction procedures w i l l  
be presented together with some typical results. I t  is our opinion that  the test 
described herein i s  the most sound yet suggested for  the measurement of the com- 
plex shear modulus of homogeneous, isotropic and l inearly viscoelastic materials. 

Gottenberg and Christensen (7) have described an experiment, similar t o  
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-he Expe rimental System 
The experimental system consists in three main sub-systems as previously 

explained, The complete experimental system is slom i n  Figs, 1 and 2, In Fig. 1 
the apparatus i s  shwn exposed, I t  is secured t o  a concrete seismic mass which is 
used t o  isolate  the apparatus from extraneous distrubances. A t  the extreme right 
i s  the Data Acquisition Console containing most of the data acquisition instru- 
mentation. To the left of this console is the Powr and Control Console contain- 
ing most of the powr and control instrumentation, In general, viscoelastic 
materials are highly temperature dependent. Therefore, it is essential that 
specimen temperature be controlled, We have chosen the simplest method for accom- 
plishing this purpose by enclosing the entire apparatus i n  a temperature condition- 
ing chamber as show i n  Figo 2, A t  the right of the seismic mass we see amul t i -  
channel potentiometer which is used as a read-out device for  themcouples 
d is t r ih i ted  throughout the temperature-conditioning chamber for the purpose of 
monitoring the temperature distribution, As stow in  Fig, 2 the experimental 
system is in complete readiness fo r  a test. Let us now discuss each sub-system 
in detail, 
The Apparatus 

system t h a t  holds the specimen in  the appropriate att i tude so that  the stinulus 
can be applied by the powr and control system. We regard the specimen itself 
as part  of the apparatus. The apparatus consists in  tw sub-assemblies: the 
specimen sub-assembly and the frame, The seismic mass is included as a part  of 
the frame, 

up, the sub-assembly consists of the l owr  torsional spring, the input bell-crank, 
the specimen, the output bell-crank and the upper torsional spring, The torsional 
springs have a cruciform cross-section so that they are relatively s t i f f  for axial, 
bending o r  transverse motions but relatively compliant for rotational motions. 
The lower torsional spring is used only for  support and alignment purposes. I t  plays 
no other role i n  the test since the angular acceleration of the input bell-crank 
is maintained constant, The upper torsional spring provides tb elastic resistance 
against a c h  the specimen can deform, T b  upper torsional spring and the output 

By the apparatus w mean that subsystem which includes the ent i re  structural 

Figure 3 shows the completely assembled specimen sub-assembly, From the bottom 



bell-crank constitute the spring==inass system located between the specimen and 
frame, Each bell-crank carries two accelerometers, only one of which is active, 
for the measurement of angular acceleration. The inactive accelerometer on each 
bell-crank is used for  balancing purposes. The input bell-crank serves the 
additional purpose of converting tfie recti l inear motion of tw  electrmaeetic 
vibrators into the angular oscillations transmitted t o  the specinen. The vibrators 
are connected t o  the input bell-crank through small flexures, visible i n  Fig. 3, 
i n  order t o  minimize the transverse forces which feed back t o  the vibrators and 
i n  order to improve the wave form of th input signal. 

The specimen is  a right-curcular cylinder that may be solid or  hollow. The 
hollow specimen is  pxeferable since it is easier t o  machine and allows for  mre 
accurate alignment. The dimensions of the specimen are somewhat flexible. ?).pica1 
dimensions are 1 / 2  inch diameter by 1-inch length. 

The specimen is carefully secured to end-plates with adhesive, A j i g  is  
used t o  minimize misalignmnts. The end-plates are then secured to  the bell- 
cranks to  which are attached the springs thereby completing the assembly. Each 
element of the specimen sub-assembly is carefully keyed for  accuracy of alignment 
so that only torsional oscillations are experienced by the specimen, 

columns (2,s inches diameter) are keyed into the base and support an aluminum 
cross-head a t  the i r  upper ends, The colunns are threaded a t  the i r  upper ends 
so that ,  with the aid of four, large hexagon nuts, the cross-head can be supported. 
These elements are overly large so as t o  maximize apparatus resonances. The 
specimen sub-assumbly i s  secured t o  the frame betwen the cross-head and base 
as shorn i n  Fig. 4, The vertical distance betheen the cross-head and base can 
be varied to  accomdate specimens of different length by repositioning the 
hexagon nuts, 

tangential oscillations t o  tk input bell-crank. The vibrators are part  of the 
Power and Control Subsystem and w i l l  be discussed in  the next section. 

A t h i ck  aluminum slab acts  as the base for the frame, Two stainless steel 

The base also supports the two  electromagnetic vibrators which provide the 
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The Powr and Control System 

Control Sub-system and the T e q r a t u r e  Conditioning SubSystem. Schematic dia- 
grams of these subsystems are shown in  Fig. 5. 

The Vibration Control Subsystem includes three main items of equipment: 
an oscil lator,  a powr amplifier and tw electromagnetic vibrators, The osci l la tor  
is an automatic vibration exciter control and is basically an oscil lator,  a fre- 
quency swep unit, a vibration meter and an automatic level control. The os- 

c i l l a t o r  is a beat frequency oscil lator with a frequency range of 5 t o  10,000 cps. 

When the osci l la tor  is used in  conjunction with an accelerometer and a ca thde  
follokRr, the frequency weep unit, automatically and continuously, varies the 
frequency at  a pre-detennined rate over a given frequency range while the auto- 
matic level control maintains a preuselected acceleration (or velocity o r  dis- 
placement) constant throughout the frequency range. The power amplifier is a 
200 mtt industrial  powx amplifier with a f l a t  frequency response of 20 t o  
20,000 cps, T k  electromagnetic vibrators are of the pennanent magnet type with 
a force rating of 25 pounds and a usable frequency range of 1 0  t o  4000 cps. The 
operation of this sub-system i s  self-evident from the schematic diagram shown 
i n  Fig. 5. The specific description of equipment used i n  t h i s  sub-system is 
show in the list of equipment in Table 1. 

Fundamentally, the temperature conditioning sub-system has three parts: 
a heating circui t ,  a cooling o r  refrigeration unit and the temperature condition- 
ing chamber. The chamber is constructed of mod and is insulated with sheets of 
styro-foam 2,O inches thick. This chamber covers the ent i re  apparatus, rests 
on the seismic mass and has a door on one si& for  ready access to  the apparatus. 
The chamber may be raised from its operational position for apparatus maintenance 
and specimen changing although it is possible to  do the latter with the chamber 
in  operational position, Tw enclosed heaters with a circulating bloher are 
mounted on the top of tfie chamber. The blower is par t ia l ly  isolated from the 
chamber by a rubber gasket in order t o  minimize the transmission of extraneous 
vibrations, The side of the chamber houses the cooling coi ls  and another blower 
which is also vibration isolated, The coils are cooled by the circulation of 
freon coolant f r o m  the refrigeration unit, When both blowrs are in use, a strong 

This system includes tw wholly-independent sub-systems: the Vibration 
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air circulation resul ts  in a uniform temperature d i s t r i h t i o n  throughout the 
chamber for  temperatures from 25-deg. F t o  15O-deg. F. In  order to  maintain chamber 
temperature constant t o  within - + 1-deg, F. the cooling circui t  operates contin- 
uously f i l e  the b a t i n g  coi ls  are automatically controlled by means of a them- 
switching circuit. An automatic time-switch is used so that the temperature con- 
d i t iming  chamber and its contents can be brought t o  a steady-state condition 
during off-hours. The refrigeration unit is housed separately at the base of 
the seismic mass and contains the wmpmssor, freon storage tank and the motor 
for  the circulation of the freon coolant, This unit is connected t o  the cooling 
co i l  of tb chamber by flexible, insulated hsing, Six thennocouples are distributed 
throughout the chamber and on the apparatus for  constant monitoring of the chamber 
temperature d i s t r i h t i o n ,  A muiti-channel potentiometer i s  used as a temperature 
readout device. The temperature conditioning sub-system was specially manufactured 
in the University Machine Shops and, for this E ~ S O ~ ,  its component par ts  are not 
l i s t ed  on the list of test equipment. 

Data Acquisition System 

of the input and output bell-cranks and the phase angle between these accelerations 
t o g e t b r  with the frequency of the applied harmonic oscillation. In order t o  
accomplish this purpose piezo-electric crystal accelerometers are mounted on the 
tho bell-cranks using electr ical ly  insulated studs. T k  analog voltages from the 

The function of the data acquisition system is to measure the accelerations 

accelerometers are impedance matched and amplified, with a gain of ten, using a 
cathode follower with integrated amplifier, The q l i f i e d  voltages are then used 
with the automatic vibration exciter f o r  frequency sweeping with automatic level 
control. During the frequency sweep tk signal frm the input accelerometer is 
used with tk vibration exciter as a control voltage. The AC signal f r o m  tk 
output accelerometer i s  rect i f ied using a true root mean square voltmeter and 
applied t o  tk Y-axis of an X-Y plotter. The X axis of the plot ter  is set on t i m e  
base and the frequency i s  noted a t  convenient intervals during the frequency sweep. 
T h i s  amplification ra t io  versus frequency plot  is  used t o  establ ish the general 
nature of the frequency response. Such information is almost indispensable during 
actual data acquisition. 

~ 

, 
I 
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During the measuring function tfr: amplitude measuring circuit sfpm in 

Fig, 6(a) is used. The tw, analog voltages from the accelerometers are alternately 
f i l t e r ed  with the same ultra-low frequency, bard pass filter and measured with 
tb 
harmonics and cable n o i s  effects a l e  using the same f i l ter  and voltmeter for  the 
tw, different signals reduces calibration diff icul i tes .  The true RMS vol tmter  
i s  used i n  order t o  minimize tk effect of perturbations of the signal caused by 
extraneous noise , 

be careful t o  account for  any phase shifts that are introduced into the system 
by tk electronic circuitry, We can avoid the d i f f icu l t ies  i n  such an accounting 
by assuring that the phase shifts are the same in the individual acceleromeker 
read-out c i rcui ts ,  This function is accomplished by the phase compensating kircui t  
sfpm in Fig, 6(b), The voltage level of an AC signal f r o m  the osci l la tor  +cticm 
of the automatic vibration exciter control i s  reduced t o  the same voltage &el 
as the amplified accelerometer signals, T h i s  standard signal is divided and passed 
through th individual legs of the accelerometer read-out c i rcui t ry  which is 
ultimately used in data acquisition, The phase angle betwen the signals i n  the 
t k n  legs  is measured i n  a counter, In general, this phase angle w i l l  not be zero 
because of phase sh i f t s  introduced by the electronic elements in  each leg. Now, 
one of the variable f i l t e r s  i s  adjusted so that the phase angle is zero, thus 
assuring that tk phase shifts in  the tw read-out circuits are identical, 

Now, the standard signal from the osci l la tor  i s  replaced by the actual 
amplified accelerometer signals as shown i n  Fig, 6(c) e The gain of one or  the 
other Jf the No, 2 amplifiers is adjusted so that the accelerometer signals have 
the same amplitude. This is done since the counter is amplitude sensitive, Ob- 
viously, this gain adjustment does not change the phase relationship, The t i m e  
interval between corresponding points on the two sine waves is measured in  the 
counter, Triggering circui t ry  is proivded for  t h i s  purpose in  the particular 
counter used, This circuitry uses voltage level for triggering and it is for  

this reason that the amplitudes of the two signals are equalized, In order t o  
measure the frequency accurately, the same counter is used except that  now 
we tr igger at  the same voltage level on succeeding sine waves of the same signal, 

true mt man quare vacuum tube voltmeter. Fil tering minimizes extraneous 

In measuring the phase angle betwen the t m  accelerometer signals we must 
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The measured period together with the nreasured t i m e  interval are used t o  cal- 
culate the phase angle between the accelerometer signals. 

The schematic diagrams shown i n  FjgS,6 are introduced t o  simplify the ex- 
planation of the various fmctions. Switching circui ts  are used in the system i n  
order t o  accomplish the various steps in the data acquisition procedure as ex- 
plained above. 

Table I. 
The specific equipment used in the data acquisition system is described in 
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Test Procedure 

The first step i n  the test procedure is sample preparation, The apparatus 

i s  designed t o  accept solid or hollow circular cylinders with a relatively large 

range in diameters and lengths,, Clearly, hollow specimens are the more desirable 

since machining and alignment diff icul t ies  are minimized, Specimens are dr i l led 

and mounted on a mandrel, T k  outer circumferential surface is then machined t o  

size in a lathe, 

The sample is then banded with a compatible adhesive t o  steel holders a t  

each end,, 

cular shoulder machined i n  the holder, 

also for  alignment purposes, 

accurate centering of the sample t o  the holders, 

sample mounted i n  the apparatus i n  order t o  minimize pre-loading effects,  

The hole i n  the sample is  used for alignment with a concentric cir- 

The holders are keyed i n  the apparatus 

A j i g  i s  used during adhesive curing t o  ensure 

Curing is campleted with the 

Prior t o  testing, the sample is temperature conditioned for  at  least five 

hours a f t e r  the ambient air adjacent t o  the sample has reached test temperature, 

The temperature i s  maintained constant to  within 1-deg, F, throughout the con- 

ditioning and testing periods. 

Before and a f t e r  each test, the accelerometers are secured with an accurate 

torque wrench since they have been found t o  be sensitive t o  the value of the 

t o q u e  applied i n  securing them in position, 

The apparatus is calibrated a t  low frequencies (20 to  50 cps) before and 

a f t e r  each test by substitution of a s teel  cylinder for the test specimen, 

Additionally, a back-to-back calibration is performed on the two read-out 

accelerometers throughout the frequency range under investigation, 

ibration is performed p i o r  to each test also, 

Such a cal- 

As previously mentioned, prior t o  data collection, a plot of amplification 

ra t io  versus frequency is made using the automatic vibration exciter control, 

AD-DC converter and an X-Y plotter,  

nature of the frequency response and is invaluable during actual data 

acquisition ., 

Such a curve establishes the general 
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Since tk complex shear modulus i s  a linear property of viscoelastic 
materials and since the present experiment is valid only in  the l inear range of 
the material under test, a l inear i ty  ckck  is performed on the  test sample before 
beginning a series of tests, The l inear i ty  check is  of a very simple nature in  
a c h t k  input acceleration amplitude is varied. The ra t io  of the output t o  
th input acceleration - the  amplification ra t io  - is  unaffected by such var- 
ia t ions i n  the l inear  range. Consequently, tb linear regime is readily established 
t o  ensure tha t  the actual test is performed only i n  this regime. 

The most accurate range for  data acquisition is i n  the neighborhood of the 
resonant frequency of the coupled sample-output bell-crank-upper torsional spring 
system. The output bell-crank and upper torsional spring can both be changed a t  
w i l l  t o  provide accurate measurements over as large a frequency range as possible. 

Finally, after making a l l  the foregoing tests and checks, the experiment 
i s  in a state of readiness for  actual data acquisition which is performed by 
means of the data acquisition system described in the previous section. No fur- 
ther  explanation of this procedure seems necessary since this system appears 
t o  be reasonably self-explanatory, Now, with the experimental data available, 
processing o f t h e  data is required i n  order t o  arrive at  the complex shear 
modulus of the sample under test. We consider this procedure i n  the next section. 
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Data Rieduction Procedure 

tes t ing was discussed. I t  w s  pointed out that each such test consists in tw 
dis t inct  parts: analytical and experimental solutions for  the response. of the 
specimen under the pre-selected stimulus. Figure 7 shows a schematic drawing 
of the saaple-output bell-crank-upper torsional spring system of the apparatus. 
In the preceding sections ME have described in detail a metbd for  experimentally 
determining the response of the  sample; ice., the amplification ra t io  of the 
output t o  input accelerations, the phase angle betwen these accelerations and 
the corresponding frequency, t o  a sinusoidally-varying acceleration applied at 
the l o w r  end (z = 0) of the sample. We must now be concerned with developing 
the analytical solution for  this problem together with a data reduction s c k ,  
T k  latter is simply it method of evaluating the material properties such that 
both analytical and experimental solutions agree. 

sented Berry (6).  The reader is  tfiereto referred for  a presentation of the 
general theory., As a mathematical model of the system of Fig. 7 we take a thick- 
walled cylinder for  the sample, ideally-bonded a t  z = h t o  a single-degree of 
freedom torsional spring-mass system, the output b e l l  crank (including appurtenances 
thereto) k i n g  the oscil latory mass and the upper torsional spring being the 
spring. To be sure, this system i s  a continuous system with an inf in i te  number 
of degrees-of-freedom tut due to  its nature, the fundamental resonant frequency 
w i l l  be very much l o w r  than the next higher resonant frequency. Consequently, 
within the frequency range of interest ,  the output be l l  crank-upper torsional 
spring system w i l l  act much l ike a single-degree-of-freedom system, We presume 
the sample is homogeneous and isotropic and ME consider it t o  be purely elastic 
for  the timt king.  3xthexmore, we consider only infinitesimal displacements 
arriving, thereby, a t  a linear theory. As a consequence of the manner of application 
of the stimulus, the  symnetry of the system and the manner of support, it seems 
intui t ively clear that the only non-zero component of displacement i n  the sample 
is the circumferential displacement ue ., Furthermore, the only different ia l  
equation of motion that is not identically sat isf ied is given by 

In the Introduction to  this report, the  methodology of materials property 

An analytical solution for  a problem of this general nature has been pre- 
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wherein we have made use of a system of polar, cylindrical coordinates with 
the z-axis coinciding w i t h  the axis of symnetry of the sample, with the pos- 
i t i v e  direction of the z-coordinates as shown i n  Fig. 7 and with the origin 
in  the lower face of the sample. The boundary conditions in  t h i s  problem are 
given by 

The f i r s t  tw of these conditions simply express the equality of l inear  and 
angular accelerations at  the cross-section z = 0 and z = h, respectively. 
The l a t t e r  condition expresses a torque balance at  the interface between the 
sample and the output bell  crank, 

The problem defined by Eqs. (1) and (2) is essentially equivalent to  one 
solved by Gottenberg and Christensen (7), In the problem solved by these authors 
the boundary conditions are presented in a s l ight ly  different manner but, since 
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the excitation and response of the sample are sinusoidal, their  problem is 
equivalent to that defined by Eqs, (1) and ( 2 ) e  Gottenberg and Christensen 
solved the elastic problem and then invoked the elastic-viscoelastic correspon- 
dence principle t o  obtain the following solution for  the frequency response of the 
l inearly viscoelastic sample : 

wherein A denotes the ra t io  of the input t o  the output accelerations, 9 is 
the phase angle betwen these accelerations and 

In rea l i ty  A constitutes the reciprocal of the amplification factor but w are 
led t o  a simpler mathematical treatment of the problem i f  we make use of this 

The quantities J, k, a, b, h, p are a l l  know, measurable parameters of 

I reciprocal rather than the amplification factor itself, 

the system or  sample, The reciprocal of the amplification factor A, the phase 
angle @ 
cular frequency 
in  some deta i l  i n  previous sections of this report. The only quantities i n  
Eqs. (3a) remaining undetermined are the shear storage and loss moduli, 
and G"(w), respectively, of the material under test, By equating real and 
imaginary par ts  on both sides of E q ,  (3a), we obtain twu equations for  the deter- 
mination of these unknown quantities, Unfortunately, these are transcendental 
equations so that we cannot solve for  G ' ( w )  and G"(w)  explicit ly,  Instead, a 
numerical cut-and-try procedure is required, Such a data reduction procedure 
has been devised and a complete presentation thereof i s  included i n  the Appendix. 
T h i s  presentation is quite complete and self-explanatory so that l i t t l e  additional 
discussion is required here, We emphasize that the program begins with i n i t i a l  
estimates of the shear storage and loss moduli, The program then calculates A 

and 

betwen the input and output accelerations and the corresponding cir- 
are quantities measured by mans of the experiment described 

G ' ( W )  

I 

I 

~ $ corresponding t o  the given circular frequency making use, of Eqs, (3). 
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Then, the calculated and experimental values of A and lz( are compared, If 
the comparison is within the desired accuracy limits, the calculation is complete, 
I f  the comparison is  not acceptable, the program alters the values of G' (w) 
and C'(@) by means of an i teration procedure unt i l  acceptable values of A 

and 6 result ,  
Generally, the experimental data is introduced into the data reduction pro- 

gram i n  order of increasing frequency, Estimates of G'(co) and C'(w) at the 
lows t  frequency are introduced t o  start  the program but, thereafter, the re- 
sulting values for  G' (w) and G"(o) at a given frequency are used as the 
i n i t i a l  estimates t o  start the data reduction procedure a t  the next higher fre- 
quency, This method works extremely w e l l  as long as the frequency increments are 
not too large Juxe,  then, the changes i n  the moduli w i l l  be relatively small, 
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Sample Results 
In order t o  illustrate the nature of the information resulting from the 

test described i n  previous sections of this report, we have included herein 
sample results on a specimen of f i l l e d  polyvinylchloride, 

t f r e  sample under test, The raw data are plotted as points and an average c u m ,  
shorn by the solid l ines,  is passed through the points, The data used for  data 
reduction was obtained from the average c u m s  shown i n  Figs, 8, 

shear stoarge modulus as a function of frequency a t  the various tenperatures 
used, 

Among a l l  materials that  sat isfy approximately l inear viscoelastic laws 

Figures 8 show raw measurements of the amplitude and phase responses of 

The reduced data are shown i n  Fig, 9 wherein are plotted c u m s  of the 

a t  uniform temperature are a group which exhibit approximately a particularly 
simple property with change of temperature, This  is  a translational sh i f t  - no 
change in  shape- of the shear storage modulus plotted against the logarithm of 
frequency at different uniform tenqeratures, This property leads t o  an equiv- 
alence relation be teen  temperature and the loglo of frequency which was orig- 
inal ly  proposed by Leaderman (8) and which has been called the time-temperature 
shift ing principle, This same postulate w s  introduced i n  a s l ight ly  different 
form by Ferry (9) and materials exhibiting such behavior have been termed 

been confirmed experimentally for a variety of viscoelastic materials, 

erical fashion by Tobolsky and his comrkers ( l l ) ,  They also introduced and 
t a h l a t e d  the shift function F(T) 
account fo r  the proportionality of modulus to  absolute temperature, Thus, the 
analytical statement of the time-temperature shifting principle is given by 

"thermorheologically simple" by Schwarzl and Staverman (10) The postulate has 

T h i s  principle was first applied t o  experimental data i n  an expl ic i t  num- 

and modified the shift ing principle t o  
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wherein 3 denotes the 'reduced frequencyc given by 

3 = f a ,  

The sh i f t  factor 9 is  defined i n  terms of the shift function F(T) by means 
of 

F = loj,, d~ (4c) 

The sh i f t  function F[T) a t  the absolute temperature T is the actual amount 
of shif t ing required parallel  t o  the loglOf axis  in order t o  superimpose the 
data collected a t  the absolute temperature T upon that collected a t  a reference 
absolute temperature Toe In E q ,  (4a) G+ and G+ denote the shear storage 

moduli at  the absolute temperatures T and Toe respectively, 
In order t o  test whether o r  not the f i l l e d  polyvinylchloride sample under 

investigation belongs t o  the class of themrheologically simple materials and 
in  order t o  extend the frequency range of the measurements, the shift ing principle 
was applied t o  the shear storage modulus data of Figo 9, The master curve of 
Fig, lO(a) is the result, The reference temperature selected was 65 deg, F, and the 
shift factor 5 required is  plotted as a function of temperature i n  Fig, 11, 

Using this sam shif t  factor the master curve for  the shear loss tangent 
was constructed with the result  shown i n  Fig, lO(b), In this case the procedure 
was somewhat different, T k  data reduction procedure yeilds the shear loss modulus 
G" 
loss tangent, As a consequence of experience with this type of experiment, we 
know that accurate measurement of shear loss tangent is extremely d i f f icu l t ,  
Therefore, i n  the data reduction process concerning the loss tangent w have 
restr ic ted the usable data t o  the immediate neighborhood of the resonant f re-  
quency since this region i s  the region of greatest accuracy, Thus, i n  Fig, l o @ )  
he see s ix  small packets of data points each restricted to  the neighborhood of 
the resonant frequency of the system at  the temperature indicated, 

From Figs, 10  it seems clear that the f i l l e d  polyvinylchloride sample is, 
indeed, themorheologically simple , Therefore he have in  effect  extended the 
frequency range over which the measurements were made, Figs, 1 0  also reveal the 
fact  that he have not completed tk measurement of the shear properties of the 

0 

as hell as the shear storage modulus G ' ,  T h e i r  ra t io  constitutes tk shear 



-19- 

sample, T k  master curve for  the storage modulus is by no means complete since 
it must tend t o  constant values at both frequency extremes. On tb other hand, 
the master curve for the shear loss tangent is expected to  display a maximum 
and t k n  tend to zero at  tb extrene frequencies, Since the material is t h e m -  
rheologically simple, tk master curves could have been coqleted performing 
masurements at higher and lower temperatures, Unfortunately, our temperature 
conditioning system does not have an adequate temperature range. 
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Notation 

r, 8 BZ 

t 

w 
f 

e0 

*h 
T 

J 

k 

A 

a 

b 

h 

3 

coordinate variables of a system of polar, cylindrical 
coordinates 

time 

circmferent ia l  component of displacement 

mass density of the  material of the sample 

elastic sbar  modulus 

complex shear modulus = G' (a) + i C* (U) 

shear storage modulus 

shear loss modulus 

circular frequency 

frequency in  cycles per second 

angular acceleration at  z = 0 

angular acceleration at z = h 

internal torsional moment; absolute temperature i n  degs. Rankine 

polar moment of iner t ia  of output bell crank including 
appurtenances thereto 

spring modulus of upper torsional spring (torque per unit  
of angular displacement) 

reciprocal of the amplification factor = C$,4qh 

phase angle betwen the input and output accelerations 

frequency coefficeint =JpuY hz/ G*(iw) 

inner radius of sample 

outer radius of sanple 

sanple length 

reduced time = f'aT 
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shift factor at absolute temperature T 

shift function at absolute temperature T = loglo 5 



-23- 

APPENDIX 

Data Reduction Program 

L i s t  of Symbols 

Mathematical 
Symbol 

a 

b 

W 

J 

k 

Scale 

Zl 
3 2  
*1 

A2 
KK 

- 

GfE 

G;'E 
A 
f=P 

4- 

A 
f 

Fortran 
Symbol 

A 

B 

RHI 

FJ 

FK 

SCALE 

sD1 

sDZ 
DEL1 

DEL2 

KK 

K 

G1P 

G2P 

AMP 

PHO 

Fx 

01 

Description 

Inner radius of specimen in incks 

Outer radius of specimen in inches 

Specific weight of specimen in  lbS./cue in. 

Polar moment of iner t ia  of output bell  crank 
system in  lbe -in. - (sec.) 2 

Torsional spring constant of upper torsional 
spring in  in. -lb./radian 

Accelerometer calibration factor 

Desired convergence accuracy of G' 

Desired convergence accuracy of C' 
G' i teration parameter (usually 10 per cent) 

C' i teration parameter (usually 5 per cent) 

Winann number of i terations desired 
(usually 20) 

Indicates l a s t  card i f  K>O 

In i t ia l  estimate for  G'(W) 

In i t ia l  estimate for G"(U) 

Experimentally measured amplitude ra t io  
(output acceleration/ input acceleration) 

Experimentally measured phase angle i n  degrees 

here 
exp 

Frequency in  cps a t  which A and 
measured exp 

Real part  of dimensionless frequency coefficient 
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n! 

Y 

c1 

ARe 
%In 

* d C  

Qcalc 

Fi 

G' 

C' 
h 

02 

G 1  

G2 

H 

Imaginary par t  of dimensionless frequency 
coefficient 

Angle relating 

Geometrical constant proportional t o  frequency 

Real part  of calculated amplitude ra t io  

Imaginary part of calculated aqlitude ratio 

Calculated amplitude ra t io  

Calculated phase angle 

Tenus defined i n  interation routine 
(i=7,8, m e r e e e o m e )  18) 

Calculated (iterated) value for  G@ 

Calculated (iterated) value for  G' 

Length of specimen i n  inches 



General Flow Chart 

READ - READ 

Physical and geometric prop- 
e r t i e s  of test specirnen and 
test apparatus shear modulus 

- 
In i t i a l  estimates for  real  
and imaginary parts of dynamic 

4 

I 

Experimentally measured 
values of amplitude ratio 
and phase angle at a given 
frequency 

CAUULATION * 
From Eqs. (3) calculate 
amplitude ra t io  and phase 
angle 

o[TuIpARISON 

Do calculated anplitude ra t io  
and phase angle agree with 
experimntally measured 
values within desired 
accuracy? 

Last data card? I 
I 

ITERATIUN 

I te ra te  to obtain new values 
for the storage and loss 
moduli 

I 

b 

No 

* Eqs. (3) use the i n i t i a l  estimates for G' and G" to  i n i t i a t e  the program. 
Thereafter, the values obtained from the i terat ion routine are used. For 
a l l  new data (for the same sample) the previously calculated values of G' 
and C' are used for  the i n i t i a l  estimates. 

** Data should be introduced such that each new frequency is greater than the 
previous one. 



Input-Outpu; Flow Chart 

READ - 

(F) 
1 IZEl G2 = GIE 

(7) t 

SiiIT(31 (1) 

I 

i 

t 

- 
Message -Gmw rgence 
failed, G ' ,  G", C'/G', f ,  
Aexp# Atalc,@exp~@calc 

Maximrm allowable 
iterations exceeded? 

t N o  
ITERATIW 1 



ITERATIOIU FLOW mwr 

READ - 
I 

I I I 
(102 

lw"') 
-0 

b 
I 

J 

YES I.io >taximumnumberof 
-J Iterations exceeded? t 

- 



1 I 

( 6 )  Y I 
M= I 
MP= I 

Z ! K - J d Z )  
7T@h b4 - 6*) 

ITERATION 
J 

I 



C 
C 
c 
C 

1 
2 
-3 

79: 
3CI 
3 9 2  
3 0 3  
3 0 4  
395 
3 0 6  
3 0 9  
3 13 
311 
? 2 " 
3 2 1  
-3 2 2 
? 2 ?  
3 2 4  
3 2 5  
7 2 6  
4'14 
4 0 8  
4 c 9  
4 1 0  

9 





61  - 

5 ° F  



40 

41 
42  
4 4  

C 
C 
C 

45 

C 
C 
C 
C 

192 

401 

4nf7 

402 
8 

SI:! 1 ON G I V E . 5  2ETAILtD PRIYTGUT 
Sly,! 1 OFF C - I V C S  JUST FREOo A X 5  SHE/+H '*'nr)a 





\ 
\ 



1 

Fig. 3. Apparatus Sub-Assembly Including Upper and Lower Torsional 
Springs, Upper and Lower EelLCranks and Specimen. 
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Fig. 6 Schematic Diagram of Various Circuits in  the Data Acquisition System 
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L i s t  of Equipment 

Automatic Exciter Control MB 1029 MB Electronics 

Powr Amplifier MI-2OOAB McIntosh Laboratory Inc, 

Dual Ream Oscilloscope Type 551 with Type CA Preamp 
Tektronix Inc, 

Dyna-Monitor 2704 bdevco Corp, 

True Root Mean Square Voltmeter 320 Ballantine Laboratories, Inc. 

- 
Universal Eput and Timer 7360 RW Beckman Instruments, Inc, 

- 
Vibration Exciter 390A Goodmans Industries Limited 

- 
Band -Pass F i l t e r s  315AR C, 3 3 M  Krohn-Hite Corporation 

- 
Accelerometer 2213C Endevco Corporation 

._ 
Amplifier 2107 Amplifier 2112 BGK Instnments Inc, 

- 
y=? Plotter 135 FOLD Moseley Coo -- 


